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Abstract. In this paper are studied the simplest patterns of axial
curvature lines (along which the normal curvature vector is at a vertex
of the ellipse of curvature) near a critical point of a surface mapped into
R*. These critical points, where the rank of the mapping drops from
2 to 1, occur isolated in generic one parameter families of mappings of
surfaces into R*. As the parameter crosses a critical bifurcation value,
at which the mapping has a critical point, it is described how the
axial umbilic points, which are the singularities of the axial curvature
configurations at regular points, move along smooth arcs to reach the
critical point. The numbers of such arcs and their axial umbilic types,
(see [10], [12])., are fully described for a typical family of mappings
with a critical point.
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1. Introduction

The study of the curvature of surfaces as a measure of how they bend
when mapped into R¥, for k > 3, is the source of challenging problems in
Geometry and Analysis.

Ideas and methods coming from the Qualitative Theory of Differential
Equations, Singularity Theory and Dynamical Systems, such as Structural
Stability, Critical Points and Bifurcations have been the subject of numer-
ous recent research contributions. The departure point for this develop-
ment, however, is not disjoint from the work of the pioneers such as Monge,
Gauss and Darboux, to mention just a few. We refer the reader to Little
[6], Sotomayor [11], Porteous [9] and Garcia-Sotomayor[12], among others,
for presentations of the several branches of this field and for references.

According to Whitney’s Immersion Theorem [5], a generic map of a sur-
face into R* is an immersion (i.e. has rank 2 everywhere) which is one-to-one
except at a discrete set of pairs of double points at which the images of the
map have transverse crossings.

This paper studies how the typical normal curvature geometric singular-
ities and their associated axial foliations reach the simplest critical points,
at which the rank of a mapping of a surface into R* depending on one
parameter drops to 1. This happens when, moving with the parameter, a
pair of double points with transversal images come together at the critical
point.

The interest in the study of the interaction of geometric foliations de-
fined by normal curvature properties with structurally stable critical points
occurring in the supporting surfaces mapped into Euclidean spaces appear
in recent works. See [1], [2], [7], [13], to mention just a few references.

In this paper is presented in detail a case study of the situation where the
critical point is not structurally stable but appears stably and generically
in one parameter families of regular mappings.

In other words, this paper deals with the bifurcations of the Configura-
tions of Extremal Curvature Deviation (also called Axial Configurations)
at the singular points on a surface whose mapping into R, changes with
a parameter. Such configurations appear in the families of curves of maz-
imal (also called Axial Principal) and minimal (Axial Mean) normal cur-
vature deviation from the mean normal curvature. When the image is in
a 3—dimensional subspace, they are, respectively, the principal and mean
normal curvature configurations.

Most singular points occur along arcs of aziumbilc points, where the
mapping has rank 2 (i.e. it is regular) and the maximal and minimal normal
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Axial Lines at critical points of Surfaces in R* 279

curvature deviations coincide, that is the Ellipse of Normal Curvature is a
circle.

The principal configurations around the Stable Axiumbilic points were
described in [10] and around their generic regular bifurcation values in [3].

In this paper are studied the critical singular points, at which the rank
of the mapping is 1. Such points appear persistently (i.e. transversally)
in one parameter families of mappings. This is done for a special class of
mappings with a codimension 3 critical point.

The conclusions of this work are outlined below.

Sections 2 and 3 contain a review of the standard theory of the configu-
rations of axial curvature lines and axiumbilic singular points Fs, Ey, Ej
appearing typically at regular points of the mapping, as established in
[10, 12].

In section 4 is carried out the study of a special typical family o, see
equation (11), reminiscent of the Whitney Umbrella critical point. Depend-
ing on a cubic term, represented by the parameter a in equation (11), the
index of the axial configuration around the critical point can be either 1/2
or 0.

The axial configurations, for most parameters a are illustrated in Figure
8 for index 1/2 and in Figure 9 for index 0.

As the deformation parameter crosses the critical bifurcation value, the
following holds:

In the index 1/2 case two arcs of axiumbilic singularities of the E—types
converge to, at crossing, and emerge from, after crossing, the critical point.
Two generic topological patterns, depending on the types F3 and Ej in-
volved, are possible. See Figure 11.

In the index 0 case four arcs of axiumbilc points, two of type E3 and two
of type E5 converge toward the critical point and they are eliminated after
crossing. T'wo generic combinatorial arrangements are possible in this case.
See Figure 10.

The authors believe that the results outlined above describe the axial
configurations at the generic critical point of a surface mapped into R*, as
illustrated in Figures 8 and 9. They also present a rough description of
partial elements of the transversal, codimension 1, bifurcations occurring
by the elimination of the critical point. For the full description one must
be carry out a delicate analysis of the breaking of the axiumbilic separatrix
connections in Figures 10 and 11, due to the presence of coefficients of third
order jet of the mapping omitted in the example treated here.
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2. Differential Equation of Axial Lines near a Singular Point

Consider a mapping « of class C", 7 > 5, of R? x R into R*, endowed with
the Euclidean inner product (-,-). Take coordinates u,v, e in the domain
and z,y,z,w in the target. Assume that the origin is mapped into the
origin by «a.

Write o = a(u,v,€) and refer to it as a one-parameter deformation of
Q.

The critical set of « is the set S, of points (u, v, €) such that Do (u,v)
has rank less than 2.

The set of regular points, where Da, has rank 2, will be denoted by R,.
Suppose that ag has rank 1 at (0,0), say that the chart u,v is adapted if
9a0.(0,0) = 0
ov ’ :

Critical points in this work will also satisfy the Whitney condition. This
means that

W =y A Qg A Qi # 0. (1)

Remark 1. Straight calculation shows that the Whitney condition defined
by (1) at a critical point does not depend on the adapted chart.

The first fundamental form of the mapping « in the chart (u,v) is ex-
pressed by:

I, = (Do, Da) = Edu® + 2Fdudv + Gdv?,
where E = (ay, o), F = (o, ) and G = (ay, o).

Remark 2. It is a standard fact on positive definite quadratic forms that
D =EG — F? >0 and that D = 0 only at critical points.

Straight calculation shows that the Whitney condition (1) is equivalent to
require that D have for ag a non-degenerate critical point at u = 0,v = 0.

Assuming the Whitney condition in an adapted chart, define the vectors

Ni =ay ANay AW and Ny = a A a, A Ny, which give a normal frame
at regular points of a.

The second fundamental form of a, at regular points, is defined by:
I, = IT}Ny/|Ny| + 12Ny /|Ny|, where I1’,i = 1,2 is given by

IT. := (D%, N, /|N;|) = e;du® + 2fidudv + g;dv?
where, €; = (u; Ni/|NG|), fi = (@, Ni/|N;|) and g; = (o, Ni/[N).
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The mean normal curvature vector of «is defined by H = hy Ny /|N1|+
hQNg/‘NQ ’, where
Eg;, — 2F f; + Ge;

2(EG — F?)

hi =

For & € T,R?\ {0}, the normal curvature vector in the direction ¥ at a
regular point p = (u, ¥) of «, is defined by
I1,(0) _ II(%) Ny TI3(5) Ny

kn :kTL 717 = — - — —
PO =T = Lo N L) N

(2)

At regular points p, the image of k, restricted to the unitary circle Szl,
of T,R? (endowed with the metric I,) describes an ellipse £, (p) centered
at H(p), contained in the space N, normal to «. It is called the ellipse of
curvature of v at p. See [6], [12].

Assuming that (e; — g1)f2 — (e2 — g2)f1 # 0, eo(p) is a standard ellipse
or a circle, otherwise it can be a segment or a point.

As ky| si is quadratic, the pre-image of each point of the ellipse consists of
two antipodal points in S;, and therefore each point ,(p) is associated to
a direction in T, p]R2. Moreover, for each pair of points in £,(p), antipodally
symmetric with respect to H(p), it is associated two orthogonal directions
in T,R?, defining a pair of lines in T,R?, a crossing [8].

Regular points where the ellipse ¢,(p) is a point or a circle are called
aziumbilic points of the mapping . They will be denoted by U,,.

For points p away from U, the directions in T,R*\ {0} at which ||k, (p, -)—
H (p)||? is maximal define a pair of lines, a crossing, called principal axial or
of maximal normal curvature deviation. Analogously, directions at which
|kn(p,-) — H(p)||? is minimal define a pair of lines, a crossing, called mean
axial or of minimal normal curvature deviation.

The function ||k, (p,-) — H(p)||?, measures the deviation from the mean
normal curvature at p. It is constant when p is an axiumbilic point.

Remark 3. The name axial directions come from the fact that there the
normal curvature point at the extremes of the axes of the ellipse of curva-
ture.

The names principal and mean are justified by the case in which the
mapping o has its image in R3 these lines are respectively the principal di-
rections and the directions of the mean normal three dimensional curvature.

The set of axiumbilic points U, together with the critical points S, of «
are called the singularities of the fields of axial crossings of the mapping «.
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By abuse of terminology assignment these fields of crossings are sometimes
referred to as line fields. See ( [10],[12], [8]).

The axial or directions of extremal normal curvature deviation are de-
fined by the equation

Jac(|lkn — H|? 1) = 0

which has four solutions for p ¢ U, U S,, the directions at which the
normal curvature is at a vertex of €4(p). At p € U, it vanishes identically
and at p € US,, it is not defined. Below will be shown how to extend it to
critical points satisfying the Whitney condition in 1.

. According to [10] and [12], the differential equation of azial lines is given
Y
G =asdv?* + asdvddu + asdv?du?® + aydvdu® + apdu* = 0,
a1 =4E%(g} + g3) + 4G(EG — 4F?)(é2 + ¢3)
+32EFG(e1 f1 + eafo) — 16E*G(f] + f3) — 8E°G(e1g1 + €292),
ap =4F(EG — 2F?)(e} + €3) — AE(EG — 4F?)(e1 f1 + eaf2)
+ —8E?F(ff + f3) — AE*F(e1g1 + e2g2) + 4E(f1g1 + f2g2)
Fays = —6Gag + 3Faq;
F%a3 = (4F%? — EG)a; — 8FGay;
E3ay = G(EG — 4F*)ag + F(2F? — EG)ay.

(3)

Define the functions

Ly =Fg1—Gfi, Mi=FEg —Ge;, Ni=Ef —Fe; )
Ly =Fgs —Gfs, My = Egs— Gey, No=Efs— Fey

It follows that:

ap =4(M; Ny + MyNy)E — 8(N? + N2)F

ay =4(M? + M3)E — 16(N1% + N3)G

ag =12(M} + M3)F — 24(My Ny + MyNo)G (5)
a3 =16(MyLy + MyLo)F — 4(M? + M3 + AN, Ly + 4N Lo)G

ay =8(L3 + L3)F — 4(My Ly + MyLy)G

Proposition 1. Let o : M — R* be a mapping of class C", r > 5, of a
smooth surface having critical points satisfying the Whitney condition (1).
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Denote the first fundamental form of a by:
I, = Edu® 4 2Fdudv + Gdv®
and the second fundamental form by:
I1, = (eydu+2f1dudv+g1dv? )Ny /|N1 |+ (eadu?+2 fodudv+gadv? )Ny /| No|

where N1 = ay A ay, AW and No = a, A ay, A N1, is a frame outside the
critical points of o and such that {c,, o, N1/|N1|,No/|Ns|} is a positive
frame at reqular points of c.

i) The differential equation

G =agdv* + @GzEdvidu + aa E?dv?du® + ar E3dvdu® + agE3du® = 0

@ =4B((EG — FX)N; M, + T ) — 8F[(EG — F*)N,” + N3]

i =AE[(EG — F*)M;" + 35°] — 16G[(EG — F)N,” + Ny'] (©)
Fas; = —6Gag + 3Fay;

E%a3 = (4F? — EG)ay — 8FGap;

E*a; = G(EG — 4F*)ag + F(2F* — EG)ay.

18 a reqular extension of the differential equation of axial lines to
the singular set of o. Here the functions M; and N; are given in
equation (8).

ii) The aziumbilic and singular points of o are characterized by ag =
a1 = 0.

Proof. To obtain a regular extension of the differential equation of axial
curvature lines to the set of critical points S, it is convenient to write

e = [Njle; = (o, Ni), fi = |[Nilfi = (@, Ni), G = [Nifgi =
<avv7 Nz> .

At a critical point p € S, it holds that Ni(p) = Na(p) = 0 only at
p = (0,0) in an adapted frame with the Whitney condition imposed.

From differential equation (3) it follows that:
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ao|N1[*|No|?

ar [N [*|Ng|?

—AF(EG — 2F?)(&|No|? + &2 |N, )
—AE(EG — 4F*)(e7 - filNo|* + & - f2|N1[?)
HAE (L - TiNa* + o - 72N 2)
—4F?F(e1 - g1|N2 |2 + &5 - 32|N1 )
—8E2F (i |No|? + Fo N4 [?)

—4G(EG — 4F?)(e1%|Ny|? + &Ny ?)
+32EFG(et - filNa|? + &5 - fo| N1 )

+4E3 (912N | + 522Ny |?)

—8E2G(e1 - Gi|Naf* + &3 - 33 |N1 %)
—16E2G(Fi°Nof? + 157Ny )

By definition of the normal frame {N;, N3}, under the Whitney condi-
tion, it follows that |Na(p)|? = (EG — F?)|N1(p)|?.

As above define the functions
Ly =Fgi —Gfi, M, =Eg —Gei, Ni=Ef —Fef
Ly =Fg — Gfa, My=Eg —Gez, No=Ef,—Fez

Therefore, defining

a5 =ag|Na|*, @1 = a1]|No|?,
Eay = —6Gag + 3Fay;

E?’a3 =

(4F* — EG)ay — 8F Gap;

E*a; = G(EG — 4F*)ag + F(2F* — EG)ay.

and performing the simplifications using (8), the result stated is obtained.

O

3. Axial configurations near axiumbilic points on surfaces of

]R4

In this section will be recalled the qualitative behavior of the axial con-
figurations around a neighborhood of an axiumbilic point: principal, cor-
responding to the maxima and minimal normal curvature deviation from
H,. The first is denoted by P, and the second by Q.
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Proposition 2. ([10], [12]) Let p be an axiumbilic point. Then there exists
a parametrization (x,y, R(z,y), S(x,y)) and a homotety in R* such that the
differential equation of axial lines is given by:

y(dy* —6dz?dy* 4 dzt) + (ax+by)dxdy(dz? — dy*) + H(z,y, dz, dy) = 0 (9)
where H contains terms of order greater than or equal to 2 in (x,y). More-

over, the axiumbilic point p is transversal, if and only if, a # 0. Here the
coefficients a and b are calculated in terms of j°R(0) and 52S(0).

Let
Aa,b) = (a + 1)2[13 — 27J2], where,
a b2 2a..a a b2
I= 2a(ﬂ +1)+4+ T and J = _?[(6 +1)(1 - ﬂ) + 1_6(]io)

Theorem 1. Consider a transversal aziumbilic point, for which a # 0.
Then in the notation of Proposition 2, the following holds:

i) If A(a,b) <0, then the axial configurations P, and Q, are of
type Es, with three ariumbilic separatrices, as shown in Fig. 1, top.
ii) If A(a,b) <0 and a < 0, with a # —1, then the axial configura-
tions P, and Qn are of type E4, with four axiumbilic separatrices
and one parabolic sector, as shown in Fig. 1, center.
iii) If A(a,b) <0, a > 0, then the azial configurations P, and Q,
are of type Ex, with five axiumbilic separatrices, as shown in Fig.
1, bottom.

FiGUrE 1. Axial Configurations near points Fs3, Fy and Fj
Figures 1 and 2 illustrate Theorem 1.
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b
E4
E, Es
E;
-1 0
E, @
E4 E4 E5

FIGURE 2. Axiumbilic types Fs3, F4 and Ej5 partitioning the
plane (a,b).

4. Axial Configurations near a Critical Point for a Special
Family of Mappings

In this section the axial configuration of the special family of mappings
defined by equation (11) near the critical point will be established.
Consider the mapping

1
a®(u,v) = a(u,v) = (u,uv, v?, Eav?’) (11)

and the vector W = ay, A iy A Qg
Define the normal vectors Nj = ay A ay AW and Ny = ay A oy A Ny,
The first fundamental form of « is given by:

1
E=1+4%? F=w, G=u*>+4°+ §a2fu4 (12)

The normal vectors are given by:

1 1
Ny :(—§G2U4 - 41)2, 4v + §a2vg, —2u, —auw)
1 1
Ny :(—auv?’,auv2, —au’v — 2av® — Zagfu‘:’ — Za?’?ﬂ — 2av°,
2u? + 802 + a’v + a®® + 8vt).
The coef&cients e = (o, N1), f1 = (@, N1), 91 = (0, N1), & =
(uu, N2), fa = (@, N2), G2 = (@, N2) are given by:
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— 1
e =0, fi=4v+ §a2v3, 71 = —u(4 4 a*v?)

N ) (13)
& =0, fu=auw? g2 = 5(“)3(1 +0%)(8 + a*v?)
From equations (12) and (13) it follows that the functions Gy and @y in
equation (6), after multiplication by —m%g, are given by:

1
a7 =[(24 — 2a®)v? — 8Ju? + 51)4[((12 — 2a)v? + 16 — 2a][(a® + 2a)v? + 16 + 24]
o =uv(8 + 2402 + a*v? + 2a%v?).

Therefore the differential equation of axial lines in the singular surface
is written

G(u,v, du, dv) =[agG(EG — AF?) + a1 F(2F? — EG)]dv*
+[—8agEFG + a1 E(4F? — EG)|dv3du+
[ — 6a0GE? + 3a1 FE?dvdu® + ar B3 dvdu® + agE3du* = 0,
ar =[(24 — 2a*)v? — 8Ju?

1
+ 5?14[(a2 —2a)v* + 16 — 2a][(a® + 2a)v* 4 16 + 24]

ay =uv(8 + 2402 + a®v? + 2a*v?),
1
E=1+4% F=uv, G:u2—|—4v2—|—§a2v4

(14)
Proposition 3. Consider the mapping gien by equation (11) in the plane
M = R? and its Lie-Cartan variety G(u,v,du,dv) = 0 defined by equation
(14). The projection m : PM — M restricted to 5_1(0) is a regular four-

fold covering outside the projective line 7=1(0).
Outside a neighborhood of the wvertical direction (0,[0 : 1]), where the

variety 3_1(0) has a degenerate singular point, it is the union of two reqular
surfaces intersecting transversally along the projective line.

Proof. As the singular point is of Whitney type it follows that it is isolated
and in a punctured neighborhood Uy = U \ {0} of 0 the map « is an
immersion. Below it is shown that there are no axiumbilic points of « in
Up.
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From equation (14) it follows that

ar(u,v) =[(24 — 2a*)v? — 8Ju?

+ %114[(a2 — 2a)v? + 16 — 2a][(a® 4 2a)v* + 16 + 2d]
ao(u, v) =uv(8 4 2402 4 a?v? + 2a%v?)

Therefore, ag(u,v) = 0 if only if u = 0 or v = 0. As @y (u,0) = —8u? and
a1(0,v) = 2v[(a® — 2a)v® + 16 — 2a][(a® 4 2a)v® + 16 + 2d] it follows that
there are no axiumbilic in a punctured neighborhood of 0. O

Outside a neighborhood of (0, [0 : 1]) the variety G = 0 is the union of
two regular surfaces which intersect transversally along the projective axis.
In Fig. 3 is sketched the topological type of G = 0 near the critical point
(0,[0 : 1]) with a cut along the projective axis when |a| < 8.

In Fig. 4 is shown the topological type of G = 0 near the critical point
(0,[0 : 1]) when |a| > 8.

FIGURE 3. The two sheets of the Lie-Cartan surface G =0
over the critical point of the map a(u,v) = (u,uv,v?, a/6v>)
for |a| < 8, union of two topological cylinders near the crit-
ical point ¢ = 0. Gluing the two pictures (left and right)
by juxtaposition along the vertical g—axis is recovered the
singular surface consisting on two crossing topological cylin-
ders, locally one on the plane of the drawing and the other
transversal to it.
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FIGURE 4. Singular Lie-Cartan surface G = 0 of the map
a(u,v) = (u,uv,v?, a/6v®). For |a| > 8 is the union of four
topological punctured disks. Three of them are near the
singular point, the other has the projective line in its closure.

Proposition 4. Consider the planar blowing-up (u,t) = (u,tu) around
the origin. Then, in (u,t)-coordinates, Equation (14) restricted to the a
small neighborhood of t-axis has the form:

du?[8dt + ut®(2t* + 1)(a® + 16)du] + 0(u?)] =0

Therefore, the pull-back of the axial configuration restricted to a small
neighborhood of the t-axis is as in Figure 5. Three azial lines are almost
vertical e one is transversal to azis t and almost horizontal.

N 3
- .

—

/A mus

FIGURE 5. Pull-back of the axial configuration restricted to
a small neighborhood of the t-axis.

Proof. The differential equation (14) restricted to v = 0 is given by:
—16ududv(du — udv)(du + udv) = 0. One axial direction is horizontal

Sao Paulo J.Math.Sci. 6, 2 (2012), 277-300
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dv = 0, one is vertical du = 0 and two are almost vertical Z—z = u and

du _
o = u.

The proof follows from direct calculations leading to 1, (?) as stated. O

Proposition 5. Consider the planar blowing-up 9(u,v) = (r?siné,r cos )
around the origin. Then, in (0,1)-coordinates, Equation (14) restricted to
the a small neighborhood of the 0—axis in the region {r > 0} has the form:

9.(G) =dr3.[2 cos sin §((20 — a?) cos* #sin? @ + 4sin* 6 + (a* — 56) cos® §)dr
+7[(7a® — 384) cos'® O + (260 — a*) cos® O + (—7a® + 32) cos® 0
+ (24 + 2a*) cos® O — 4 cos? O + 8]dO) + r2.0(r, 0, dr, df)
=&:(0,r,db,dr)
(15)
The singular points of E.(0,r,dl,dr) in the 0-axis are given by
2 cos 0sin 0((20 — a?) cos* sin’ t + 4sin* 6 + (a® — 56) cos® ) = 0.

Near the 0-axis three axial line fields are almost horizontal and the other is
defined by the following differential equation:

w =2cos fsin A((20 — a?) cos Osin? O + 4sin® O + (a* — 56) cos® 6 + r.O(r))dr
+7[(7a? — 384) cos' 0 + (260 — a?) cos® 0 + (—7a* 4 32) cos® 6
+(24 + 2a?) cos™ 6 — 4cos® 6 + 8 4+ r.O(r)]df = 0
(16)

Proof. Direct calculations shows that ¥,(€) is as stated. O

Proposition 6. The differential equation w = 0 given by equation (16)

assuming that |a| # /56 and |a| # 8 has either eight or twelve singular

points in the interval [0,27) with three or five hyperbolic singular points in
m™ T

the interval (=%, %) contained in the §-axis. See Fig. 6 and Fig. 7.
Moreover,

i) If |a| < /56 siz singular points are hyperbolic saddles and (£3,0)
are hyperbolic nodes.

ii) If /56 < |a| < 8, eight singular points are hyperbolic saddles and

the point s(6,7) = (0,0) and (7,0) and (£5,0) are hyperbolic nodes.

iii) If 8 < |al, ten singular points are hyperbolic saddles and (£7,0)
are hyperbolic nodes.
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Proof. The singular points of w = 0 are given by

r =0, cosfsinf[(20 — a?)cos? @sin? 6 + 4sin? 6 + (a® — 56) cos® 4] = 0.

Writing this equation using the relations ¢ = tan6, cosf =
ﬁ, sinf = \/# it follows that it is equivalent to:

p(t) =t[4t® + 8t° — (a® — 24)t" — (a® — 20)¢ + a® — 56],

t=tanf and 0= :I:g.

The polynomial p(t) has the following factorization:

p(t) =4tp1 (t*)p2(t?),

5 1
p(t) =t> +t+ 5 g%/a4 — 5602 + 1296,

5 1
pa(t) =t* 145 + é%/a‘l — 56a2 + 1296.

The polynomial p; always has two real simple roots, one positive and
the other negative.

The polynomial ps has a positive root for |a| > v/56 and for |a| = v/56,
p2(0) = 0 and for |a| < v/56 the roots of py are negative or complex.
So it follows that:

i) For |a|] < /56, w = 0 has three singular points in the interval
T T

—9:3).
ii) For |a| > v/56 and |a| # 8, w = 0 has five singular points in the

interval (-3, 5).

The differential equation w = 0 has the same solution curves as the vector
field X = P% + Q%, where

P(#,r) =2cos Asin 0](20 — a?) cos* Asin? § + 4sin*
+(a® — 56) cos® 8 + r.O(r)] = P(8) + r.0(r)
Q(0,7) = — r[(7a® — 384) cos’® @ + (260 — a*) cos® § + (—7a* + 32) cos® 0
+(24 + 2a%) cos* 0 — 4cos? 0 + 8 +1.0(r)] = —r[Q(0) + r.0(r)]
(17)
The jacobian of DX (6,0) at the singular point (6,0), t = tan 6, is given
by: —P'(0)Q(0) = (1—+t1r)1—g7‘ata, where
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rq = — [8t10 4+ 365 + (2a% + 88)t5 + (160 — a?)t* + (420 — 9a)t? + a® — 64]
ta =2[—4t10 4+ 125 + (5a% — 64)t° + (2a% — 20)t* + (564 — 124°)t? + a* — 56

At 6 = £75 the jacobian of DX (£7,0) is always equal to 64 and at 6 = 0
is given by:—2(a? — 56)(a? — 64).
Evaluation of the resultants of polynomials, abbreviated by res, give that

res(p(t), rq,t) = — 1073741824 (a* — 64)(5a — 243)%(a® — 36)*2
res(p(t), tq, t) =549755813888(a> — 56)° (50> — 243)%(1296 — 564 + a*)*

The values a®> = 36 and a® = 2;;3 correspond to double complex roots,
while a? = 64 and a® = 56 correspond to double real roots.

For |a| > 8 the sign of 7, in the roots of p(t) = 0 is negative, while for
la| < 8 this sign is negative.

Therefore all singular points of X different from (0,0) are hyperbolic
saddles. The point (0,0) is a hyperbolic node for v/56 < |a] < 8 and
hyperbolic saddle when |a| < /56 or |a| > 8. O

Proposition 7. Consider the planar blowing-up 9(u,v) = (r?siné,r cos )
around the origin. Then, in (6,r)-coordinates, the resolution of the azial
configuration is as shown in Fig. 6 and Fig. 7.

Proof. For a = 0 the map a(u,v) = (u,uwv,v?,0) is the Whitney stable

map. In this case the axial configuration is given by the principal lines and

the mean curvature lines. See [2], [10], [12]. The Lie-Cartan variety (14) is

a pair of cylinders intersecting along the projective line. See Fig. 3. The

resolution is as shown in Fig. 6, left. By continuation, for |a| < /56 there

are no bifurcation in the resolution. The induced differential equation has
™ T

three hyperbolic saddles in the interval (—7, %) and other three hyperbolic
saddles in the interval (3, 2F). The points (+Z,0) are hyperbolic nodes.
For v/56 < |a| < 8 the Lie-Cartan surface is still a pair of cylinders, but
the induced differential equation has four hyperbolic saddles in the interval
(=%,%) and € = 0 is a hyperbolic node. Also it has four hyperbolic saddles

T 37

in the interval (3, <) and the points (£3,0) are hyperbolic nodes. See
Fig. 6, right.

For |a| > 8 the Lie-Cartan variety is the union of four topological disks,
see Fig. 4 and the induced differential equation has five hyperbolic saddles
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© QY R
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FIGURE 6. Singular points of index 1/2. Left, with |a| <
v/56 and Right, with 8 > |a| > V/56.

&
&

FIGURE 7. Singular points of index 0, |a| > 8. Behavior of
the axial configuration in each topological disk.

in the interval (=7, %) and five hyperbolic saddles in the interval (7, 37”)
The points (£7,0) are hyperbolic nodes. See Fig. 7. O

Proposition 8. Consider the map a(u,v) = (u,uv,v?, %av3) which has a
Whitney singularity at (0,0).
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For |a| < 8 the axial configuration has index 1/2 at (0,0) and when
la| < /56 the axial configuration is as shown in of Fig. 8 (left) and for
V56 < |a| < 8 the axial configuration is as shown in Fig. 8, (right).

F1cURE 8. Axial Configurations near a critical point of in-
dex %. Left for [a| < v/56 and right for v/56 < |a| < 8.

For |a| > 8 the axial configuration has index 0 at (0,0) and it is as shown

in Fig. 9.

FIGURE 9. Axial Configurations near a singular point of
index 0 ( |a| > 8).

Proof. Follows from Proposition 7 performing the blowing-down of the res-
olution of the axial lines shown in Figs. 6 and 7. (]

Proposition 9. For ¢ # 0 small, consider the immersion a.(u,v) =
(u, uv,v?, ev + %v3). Then it follows that:
e [or |a] <8 and € # 0 the immersion o, has two aziumbilic points.

e For a > 8 the immersion a. has four axiumbilic points when € > 0 and
no azxiumbilic points when e < 0.

e For a < —8 the immersion ae has four aziumbilic points when € < 0 and
no azxiumbilic points when € > 0.

Moreover, the azial configuration is as described below.

Sao Paulo J.Math.Sci. 6, 2 (2012), 277-300



Axial Lines at critical points of Surfaces in R* 295

e For a > 8, two axiumbilic points are of type E3 and two are of type Es.
See Fig. 10, top.

e [ora < —8, two axiumbilic points are of type E3 and two are of type E5.
See Fig. 10, bottom.

e For |a| < % the two aziumbilic points are of type Es and the azial con-
figuration is as shown in Fig. 11, left.

e For 175 < la] < 8 the two aziumbilic points are of type E4 and the axial
configuration is as illustrated in Fig. 11, right.

FIGURE 10. Axial Configurations near axiumbilic points F3
and Ej5, branching from index 0 critical point. Top, a > 8
and bottom, a < —8.

Proof. As in equation (14) it follows that

e =0, E =4v+ %GQUS + aev, g1 = —u(4+ a*v?)
e =0, fo=auw?®—2eu, 3= 1av*(1+v%)(8+ a?v?) — (8¢ + 2ae?)(1 + v?)
Therefore,
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FIGURE 11. Axial Configurations near axiumbilic points of
types Es, branching from the index 1/2 critical point. Left
for |a| < L2 and of types Ey, right for £ < |a| < 8.

1
ar =[(24 — 2a®)v? — 8u? + 51)4[(a2 — 2a)v? + 16 — 2a][(a® + 2a)v* + 16 + 24]
+8¢t 4 16aev? + (8u? — 8v' + 12a%v* — 8 + 48v%)é?
+4av? (2 + a*v? + 2u® 4 2007 + 2v%)e
Ty =uv[8 + 2402 + a*v? + 2a%v* + 2ae(1 + 3v%) + 4€%.

The axiumbilic points of a. are defined by ag = a7 = 0.
So, for € small they are defined by:

u? 4 % = 0, v=20
u=0, [(2a+ a®)v* + (—4e + 4ae + 16 + 2a)v? + 4¢* — 4¢].
[(—2a 4 a®)v? + (4e + dae 4+ 16 — 2a)v? + 46> + 4e] =0
For e = 0 it follows that $v?(v2a® —2a+16 —2av?)(v2a® +2a+ 16+ 2av?).

Solving the equation

[(2a + a®)v? + (—4e + 4ae + 16 + 2a)v? + 4€* — 4e] = 0
with respect to € it follows that

1 1 1
€ 25 + 5(1 +(1)U2 + 5\/1 + (1 —4(1)U4 - (4a+ 14)U2 =

:%(8 + a)v2 + (12 + 8a + a2)v4 +0O(5) = €1(v)
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Solving the equation
(—2a + a*)v* + (4 + 4ae + 16 — 2a)v* + 4€> + 4] = 0

it follows that
1

€=—-—

1 1
5 5(1 + a)v? + 5\/1 + (4a + 1)v* + (4a — 14)v2 =

:%(a —8)v% — (12 + a® — 8a)v* + O(5) = e2(v).

For a? — 64 < 0 the two curves (v,€;(v)) and (v,e2(v)) are tangent at 0
and have even contact of opposite signs.

So, for € # 0 there are two axiumbilic points (0, £vg(€)) symmetric with
respect to the u-axis. See Fig. 12, center.

2

\ 82\

—1 >
FIGURE 12. Definition of axiumbilic points (left, a < —8),
(center, |a| < 8), (right, a > 8).

\g
<
v}

7.

For a? — 64 > 0 the two curves (v,e;(v)) and (v, ea(v)) are tangent at
0 and have even contact of the same signs. See Fig. 12 (left and right).
Therefore o, has four axiumbilic points when a > 8 and ¢ > 0 and also
when a < —8 and e < 0.

Analysis of the axial configuration.

Consider the map ((u, v) = (ag(u,v), a1 (u,v)), where ag and a7 are given
by equation (18).

At an axiumbilic point defined by €1(vg) = € it follows that
detDB(0,v9) = 512(8 + a)vj + O(5) and for an axiumbilic point defined
by €2(vg) = € it follows that detD3(0,v9) = —512(a — 8)vg + O(5).

An axiumbilic point is of type E5 when detD3(0,vg) < 0, see [10]. When

detDf3(0,v9) > 0 the axiumbilic point is of index 1/4 and the type is not
characterized by this sign. This follows from Proposition 2 and 1.
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Therefore, for a > 8 two axiumbilic points defined by e3(vg) = € are of
type E5 (index —%) and for a < —8 the two axiumbilic points defined by
€1(vg) = € are of type Ej.

For |a| > 8 it will be shown below that they are of type Fs.

To describe the type of these axiumbilic points consider the linearization
of the differential equation (6) of axial lines at an axiumbilic point (0, vy (€)).

Performing the calculations it follows that for € = €;(vp),

E1(u, v, du, dv) =Agdv® + Azdudv® + Aydv®du® + Aydvdu® + Agdu® = 0
Ap(u,v) =[8vg + O2)Ju+ 0.(v —vg) + ...
Aq(u,v) =0.u + [64(8 + a)vg + O4)](v — vy) + ...
As(u,v) =[—19208 + 0(4)]u + 0.(v — vp) + ...
Az(u,v) =0.u — [256(a + 8)v) + O(6)].(v — vo) + ...
Ay(u,v) =[128v) + 0(6)]u + 0.(v — vy) + . ...

(19)

Ap(u,v) =[8vg + O(2)]u 4+ 0.(v — vg) + ..

Ay (u,v) =0.u + [64(8 — a)vg + O(4)](v — vo) + ..
As(u,v) =[—19208 + 0(4)]u + 0.(v — vg) + ..
Az(u,v) =0.u — [256(8 — a)vi + O(6)].(v — vo) + ..
Ay(u,v) =[128v3 + 0(6)]u + 0.(v — vp) + . .

(20)
To determine the type of the axiumbilic points (0,vy) defined by € =
€1(vg) consider the linear differential equation

Ey(u, v, du, dv) =8vodu® + 64(8 + a)vi (v — vo)du®dv — 192v3udu’dv*
—256(a + 8)vg.(v — vo)dudv® + 128vudv® = 0.

The separatrices of the linear equation are defined by u = kv where k is
a root of the polynomial

p1(k) = k[k* + 803 (5 + a)k? — 16v] (15 4 2a)] = 0.
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For a < —22 the polynomial p;(k) has five real roots while for a > —12

it has only three real roots.

Analogously, for the axiumbilic points (0, vg) defined by € = €2(vg) con-
sider the differential equation

B (u, v, du, dv) =8vgdu® + 64(8 — a)v3 (v — vo)duPdv — 192v3 udu®dv*
—256(8 — a)vg.(v — vo)dudv® + 128vudv® = 0.
The separatrices are defined by u = kv where
po(k) = k[E* 4+ 8v3(a — 5)k* + 16v3(2a — 15)] = 0.

For a > % the polynomial ps(k) has five real roots, while for a < % it

has only three real roots.

Therefore, by the classification of axiumbilic points, see [10], for |a| < 12
and € > 0 the axiumbilic points (0,vg) are defined by € = €;(vp) and they
are all of type E3. Also £ < [a| < 8 and € > 0 all axiumbilic points
are defined by € = €1(vp), see Fig. 12 center, and they are of type Ej.
Analogously, when e < 0 the axiumbilic points are defined by € = €a(vg)
and the same analysis and conclusions can be established.

For a > 8 and € > 0 the axiumbilic points defined by € = e3(vg) are of
type E5 and the other two defined by € = €;(vg) have the separatrices given
by p1(k) = 0 which has three real roots for a > —%. Therefore they are of
type Ej3, see Fig. 10, top.

For a < —8 and € < 0 the axiumbilic points defined by € = €1(vg) are
of type E5 and the other two defined by € = e3(vg) have the separatrices
given by pa(k) = 0 which has three real roots for a < % Therefore they
are of type Fj3, see Fig. 10, bottom.

The analysis above also follows from Proposition 2, taking into account
Fig. 2, illustrating Theorem 1 established in [10]. O

5. Concluding Comments

The results established in this work are motivated and provide a contin-
uation of the previous paper by Garcia, Sotomayor and Spindola [3].

The authors believe that these results describe the axial configurations
at the generic critical point of a surface mapped into R%, as illustrated in
Figures 8 and 9. The results also present a rough description of important
partial elements of the transversal, codimension one, bifurcations occurring
by the elimination of the critical point.
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For the full description of the generic bifurcation phenomenon, a delicate
analysis of the breaking of the axiumbilic separatrix connections in Figures
10 and 11 must be carried out.

This connection breaking is due to the presence of coefficients of the
third order jet of the mapping omitted in the example treated here.
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